Abstract. In the present paper, we extend the notion of quantum time shift, and the related results obtained in [5] , from representations of current algebras of the Heisenberg Lie algebra to representations of current algebras of the Oscillator Lie algebra. This produces quantum extensions of a class of classical Lévy processes much wider than the usual Brownian motion. In particular, this class of processes includes the Meixner processes and, by an approximation procedure, we construct quantum extensions of all classical Lévy processes with a Lévy measure with finite variance. Finally, we compute the explicit form of the action, on the Weyl operators of the initial space, of the generators of the quantum Markov processes canonically associated to the above class of Lévy processes. The emergence of the Meixner classes in connection with the renormalized second order white noise, is now well known. The fact that they also emerge from first order noise in a simple and canonical way comes somehow as a surprise.
Introduction and notations
The usual time shift v ı t in Wiener space is the unique endomorphism of the associated algebra of measurable functions given by the map
The time shift u ı t on the corresponding increment process is the unique endomorphism of the associated algebra of measurable functions given by the map
Denoting by j t the restriction of the Wiener time shift on the time zero algebra, we see that v ı t is uniquely determined by the pair .j t ; u ı t / through the identity In this case we say that .s; t 7 ! X .s;t is a pure noise operator process localized on the interval .0; t. This process has the following properties. where, here and in the following, OE ; denotes the commutator. Finally, the operator process ¹.W 0 C X .0;t /;ˆº is isomorphic to the Wiener process so that, in particular, ¹.X .s;t /;ˆº is isomorphic to the stationary independent increment process associated to the Wiener process, i.e. the white noise process.
The choice of the position operator (1.1) is not the only one leading to this conclusion. For example the choice X .s;t D Q .s;t (1.2) leads to the same conclusion. This leads to the following definition. A natural quantum generalization of the above definition is the following. The pair of operator valued measures .X C .s;t /, .X .s;t / is called a quantum time shift for the quantum Brownian motion if the map W 0 .z/ 7 ! j t .W 0 .z// is a -homomorphism and the 1-parameter family P t 0 WD E 0 .j t .a 0 // ; a 0 2 B.H 0 /; is a quantum Markov semigroup whose restriction to the algebra L 1 .q 0 / is the usual heat semigroup.
If the operator process X C OE0;t D X .0;t D X .s;t is either Q .s;t (see (1.2)) or P .s;t (see (1.1)), then (1.4) takes the form
i2<.z/X OE0;t and j t can be extended to a -homomorphism from W .H 0 / to the space W .H 0B ..L 2 .R///. In this sense, we get a quantum extension of the classical time shift. If X C OE0;t 6 D X .0;t , then we get a truly quantum time shift. If f is a smooth function and f .q 0 / is multiplication by f in L 2 .R/, then with the identification p D
which gives the right answer when we restrict our attention to the classical Wiener process. Denoting by p the momentum operator in the initial space, one has
This implies that 
This implies that the generator
generates the quantum Markov semigroup on the Weyl algebra given by
Given the identity (1.5), the semigroup P t 0 is a quantum extension, on the whole Weyl algebra, of the classical heat semigroup.
Notations

Let us denote
.L 2 .R// the boson Fock space over the one-particle space L 2 .R/, hf;gi .f C g/:
The operators W .f / are unitary operators on .L 2 .R// satisfying the canonical commutation relation (CCR)
the annihilation, creation and number (or gauge or conservation) fields A, A C , N defined on E by the relations
2 Shift on the Lie algebra
Current algebras
Let L be a complex -Lie algebra. Let ¹X C ; X ˛; X 0 ;˛2 I;ˇ2 I 0 º; where I ; I 0 are disjoint sets, be a set of generators of L satisfying the following conditions:
We assume that there is a single central element, denoted by E or 1, among the generators and that it is of X 0 -type (i.e. self-adjoint).
We denote by C ˛;ˇ. "; " 0 ; " 00 / the structure constants of L with respect to the generators .X " /, i.e. with˛2 I;ˇ2 I 0 ; "; " 0 ; " 00 2 ¹C; ; 0º, and assuming summation over repeated indices:
In the following, we will consider only locally finite Lie algebra, i.e. those such that, for any pair˛;ˇ2 I [ I 0 only a finite number of structure constants C ˛;ˇ. "; " 0 ; " 00 / is different from zero.
To the set of generators ¹X " I˛2 I [ I 0 ; " D 0; C; º one associates the set of skew adjoint generators defined by
The real vector subspace L sk of L, generated by this set, coincides with the real sub-Lie algebra consisting of all the skew-adjoint elements of L. Denoting by L sa the real vector subspace consisting of the self-adjoint elements of L, one has the relation L sk D i L sa . 
where, for a test function f , we use the notatioń
the involution is defined by
with C WD ; WD C ; 0 WD 0. where the identity is meant weakly on D.
where L 0 is a sub-Lie algebra of L.
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Lie algebra shifts
Let there be given a complex -Lie algebra L S with scalar center C. 
parameterized by the Borel subsets of R d and with the following structure:
with the property that the exponential map exists and the map j ı I defined by
extends to a -homomorphism of the Von Neumann algebra generated by the set
and for each X 2 L sa S , the map t 2 R 7 ! e itX is strongly continuous.
Remark 2.5. 1. For I R d , the test function space C I denotes the space of test functions in C with support in I .
The maps T
S .I; C I / in the above definition must be -Lie algebra homomorphisms.
3. The maps T S I and T I can be extended, by complex linearity, to -Lie algebra morphisms of the whole Lie algebra L S . The corresponding extension of the Lie algebra shift O j I will be still denoted O j I .
4.
If there is given a family ¹X˛I˛2 F º of generators of L S , and ¹X˛.'/ I˛2 F; ' 2 C I º denotes the corresponding family of generators of L S .I; C I /, the action on the generators of the Lie algebra time shift is given by
where '˛;ˇ2 C and .T ˛/ is a finite matrix. In fact, the set F of the index˛is finite.
5. We want the map O j I to be injective, then the matrix .T ˛/ must be invertible.
6. To prevent confusions, if L is the Lie algebra of a Lie group G and the elements of L are realized as operators acting on some Hilbert space, then, in the following, for any element Y 2 L sk , we will denote by exp.Y / 2 G the exponential of Y in the sense of Lie algebra theory and by e Y the exponential of Y in the given representation, defined by the spectral theorem or by the exponential series on some domain.
In the following, we will produce several examples of unitary homomorphisms of -Lie algebras O j I such that the map j 
where the complex numbers TĊ and T 0 may depend on I Â C.
The case T C D T 0 D 0 and T C C D 1, which corresponds to the case
has been studied in the paper [5] . In this paper, we will consider the oscillator algebra L osc WD ¹a C ; a; a C a; 1º and the class of shifts satisfying the same condition (2.3).
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The oscillator algebra
In the present section, we recall some known facts on the operators associated to the Fock representation of the CCR and we use the notations of Section 1.
Lemma 3.1 (see [5] and [9] ). Let H be a Hilbert space and u 2 H . Denote by A C .u/; A.u/, respectively, the creation and annihilation operators acting on the Fock space .H /. Then the operators e A C .u/ ; e A.u/ are well defined by the exponential series which converges strongly on the maximal algebraic domain. Moreover, for any self-adjoint operator T on H , the operator ƒ.T / is uniquely defined by the identity
and e iƒ.T / maps the maximal algebraic domain into itself.
Let H D L 2 .R/ be the Hilbert space of square integrable complex valued functions. A real valued function 2 K WD L 2 .R/ \ L 1 .R/ will be considered as multiplication operator on the space H , which is a bounded and self-adjoint operator.
Definition 3.2. We define a generalized Weyl operator on the Fock space .H / to be the unitary operator given by
The norm closure, in .H /, of the algebra generated by them, denoted by W g .H /, will be called the oscillator algebra over H . Lemma 3.3 (see [6] ). Let H be a Hilbert space, u; v 2 H and X 2 B.H /. Then we have the relations
where x n 2 nŠ :
Theorem 3.4. In the notation (3.1), for all j 2 H and real valued functions
the generalized Weyl CCR holds:
where , and are given by the relations
Proof. We start by the fact that the function
is analytic with convergence radius equal to 2 . Note that the norm of as multiplication operator Á M is equal to k k 1 . It follows that for all operators 2 K with norm k k < 2 , we have that e 1 . / is invertible in K with inverse equal to e 1 . /.
Using formula (3.2) in Lemma 3.3, for j D 1; 2, we can write
where
Using the identities (3.3) and (3.4) in Lemma 3.3, we deduce
where D 1 C 2 and
The condition k j k < ; j D 1; 2, implies that k k D k 1 C 2 k < 2 , and this implies that e 1 .i / is invertible. Therefore, there exists 2 H such that the vector
can be written in the form Q D e 1 .i /i :
Using the relation e 1 . / D e e 1 . / 8 2 K;
we obtain
Since e 1 is invertible, this gives ' D . The above definitions of , ' and give
with being a scalar such that
Lemma 3.5. Let W WD ¹W . ; / ; 2 H ; 2 Kº be the set of generalized Weyl operators. Then W is a self-adjoint linearly independent set. Proof. We have
This gives that W is a self-adjoint set. Let j ; j D 1; : : : ; n, be such that
By formula (3.2) we obtain
vi and c j D hu; e i j vi. By using the property that for all j; k D 1; : : : ; n ; .a j ; The test function algebra is chosen to be the space
and the localization is defined by the bounded intervals in R.
The maps 7 ! a C 0 . / ; n 0 . / are linear in while 7 ! a 0 . / is anti-linear.
We consider the boson Fock representation of the oscillator algebra. We will study the class of Lie algebra shifts on the oscillator algebra whose action on the generators has the following form:
where the X .i/ t ; i D 1; 2; 3, are given by
with˛i ;ˇi ; i 2 C, R t is a process acting on .L 2 .R/; K S / and T i ; i D 1; 2; 3, are real linear operators acting on K S . To exclude trivial cases, we assume that there exists i 2 ¹1; 2; 3º such that .˛i ;ˇi ; i / ¤ .0; 0; 0/ and T i ¤ 0.
Theorem 3.7. A real linear map O j t of the form defined by (3.7)-(3.11) defines a 1-parameter family of homomorphism of -Lie algebras if and only if it belongs to one of the following five classes:
with the relations
Here ; ı; 0 2 C ; ı ¤ 0; 0 6 D 0; c > 0 and T is an R-linear operator on K S . Class II. The condition T D T N ; 8 2 K implies that T is a real valued function if is and it is a purely complex valued function if is. We can choose T as a multiplication operator T D M where is a real valued function in K S .
Class III. Here we can choose T as in the first example.
Class IV. Here T verifies the conditions (3.12) and we can choose the operator T˛defined by
Class V. We can show that if an operator T verifies the relations (3.12), then the operator T verifies the relations (3.13). It follows that the operator T˛can be replaced by T˛. Proof of Theorem 3.7. Since we want O j t to be a -map, the process R t must be self-adjoint. Moreover, the relations
On the other hand, from the relation
For any ; 2 K S , the commutation relations give
On the other hand, we have
Therefore, the commutation relations are preserved if and only if we have, for any ; 2 K S ,
This gives
In a similar way, the identities
give, for any ; 2 K S ,
From the commutation relation
Observe that the conditions (T 1 D 0; T 2 ¤ 0), (T 1 ¤ 0; T 2 D 0) and (T 1 D T 2 D 0) lead to the same conclusion. In fact, in such case we have
It follows that R t D 0 and T 3 verifies only the conditions (3.15), (3.16) and (3.23). Then we must discuss separately the case T 1 D 0 D T 2 and the case T 1 6 D 0 6 D T 2 .
Step I.
From (3.17), we have R t D 0. Since we want O j t to be a non-trivial map, we must assume that .˛3;ˇ3; 3 / ¤ .0; 0; 0/ and T 3 ¤ 0. In this case, ı ¤ 0 and then T N D T for all 2 K S . In this case,
belongs to Class III.
Step II. 
where, in the last equality, (3.14) has been taken into account.
Indeed, if˛2 ¤ 0, then the second equation in (3.14) implies thatˇ1 ¤ 0 and 3.25) and this implies 3 ¤ 0 and T 3 ¤ 0.
If˛1 ¤ 0 (or equivalently, because of (3.14),ˇ2 ¤ 0), then (3.25) becomes
and (3.18) implies
Then, from (3.27) we have
which gives
for some a 2 C n ¹0º. Combining equations (3.26), (3.27) and (3.28), we deduce that T D 0 for each real valued . Thus T can be non-zero only on purely imaginary valued functions. Since the product of two such functions is real valued and since 3 ¤ 0, (3.27) implies that, for all real valued functions 2 K,
Hence T is also null for all purely complex valued function 2 K. This leads to T D 0 which is in contradiction with our assumption. We conclude that the condition˛2 ¤ 0 implies the condition˛1 D 0. The converse statement can be obtained by slight modification.
In view of the above fact, we distinguish two cases:
Equations (3.19) and (3.16) give, respectively,
It follows that T 3 D c 3 T and therefore ; T ˛D 0:
Taking instead of in the above equation, we conclude that˛3 D 0, and therefore, from (3.15) we haveˇ3 D 0.
In conclusion, setting WD Ň 1 , the map O j t takes the form
By a similar calculus as in Case 3, we obtain
The theorem is proved.
Theorem 3.9. Let O j t be one of the classes defined in Theorem 3.7. Define the map j ı t on the group operators by
Then j ı t can be extended to a -homomorphism still denoted by j ı t of the Walgebra generated by the group operators of the oscillator algebra if and only if O j t is one of the first three classes in Theorem 3.7; i.e. only the maps O j
are effectively Lie algebra time shifts.
Proof. The -map property is clear. For simplicity, we denote
Because of Lemma 3.5, it is sufficient to verify the identity
for the five classes in Theorem 3.7. By Theorem 3.4 we have
Class I. By direct computation, we have
But the processes A
In conclusion, equality (3.30) is verified by Class I.
Class II and Class III. In these cases, we have
where Class II corresponds to ı D 0. On the other hand, we have
But it is not difficult to verify that the processes A
Thus we obtain
In conclusion, both Class II and Class III verify equality (3.30).
Class IV. For this class, we begin by proving that the map T of Theorem 3.7 is a linear bounded operator of K S . In fact, the condition T . / D 0 T T for all ; 2 K S gives T .i /T D T .i /T for all ; 2 K S . Then there is a complex number˛such that T .i / D˛T for all 2 K S . But we have
On the other hand, we have hT ; T .i /i D c hT ;˛T i D˛h ; i 8 ; 2 K S ; which gives˛D i, and then
This proves the linearity of T . The equation
In the next step, we calculate j ı t .W 1 W 2 /. In the present class, we have On the other hand, we have
.j / t / ; j D 1; 2;
where .j / t and .j / t are given as in (3.32). This gives
.2/ t /:
Using Lemma 3.4, we obtain
with 0 t and 0 t given respectively as in (3.6) and (3.5). Note that
and 0 t is given by
Taking the properties of the operator T into account, one can deduce the following:
Combining the last result and (3.34), one can deduce 0 t D t , and from (3.33), we deduce j 
This implies t D ct j j 2 which is null if and only if cj j 2 D 0. This corresponds to the trivial case. In conclusion, Class IV doesn't verify identity (3.30).
Class V. The statement can be verified in a similar way as for Class IV.
Remark 3.10. In all cases, the Lie algebra time shift on the oscillator algebra is of the form
where X OE0;t .x/ is an independent increment process. The above theorem shows that the Lie algebra -homomorphism is a Lie algebra time shift if and only if the constant cj j 2 D 0, in which case X OE0;t .x/ is a classical process. Therefore, the Lie algebra time shifts are in fact shifts along classical processes.
The associated semigroup
In this subsection, O j t is the stochastic process described in Theorem 3. from which the desired statement follows.
Class III. In this class, we read
This completes the proof of the theorem.
Remark 3.13. In view of the above theorem, in the first class, the generator L .I/ is nothing but the quantum Laplacian, denoted by Q , obtained in [5] .
Lie algebra time shift and independent increment processes
In this section, we identify the classical stochastic processes corresponding to the Lie algebra time shifts studied in the previous sections.
One of the basic tenets of quantum probability is the fact that, if .A t / t 2I is a self-adjoint family of commuting operators acting on some Fock space .H / with vacuumˆ, then, under additional analytical conditions which are automatically satisfied in the cases we are considering, there exists a classical stochastic process . Q Y t / t 2I on some probability space . ; F ; P / such that, for all bounded complex valued Borel functions ' 1 ; ' 2 ; : : : ; ' n ; n 2 N, one has
In particular, the characteristic function of . Q Y t / t 2I is given by
We will apply the above general statement to the case in which
where x belongs to a self-adjoint commutative sub-algebra L sa a of the oscillator algebra L 0 acting on the Fock space .K S / and the process .X t .x// t 0 acts on the noise space .L 2 .R C ; H //. Then O j t .L sa a / is a commutative self-adjoint family of operators acting on the Fock space
Then the process . O j t .x/ D x C X t .x// t 0 , with respect to the vacuum vector, can be identified to an independent increment operator process with initial operator x D x˝1 and its characteristic function is given by
where, in obvious notations, the cumulant function ‰ t .z/ is given by
We begin by finding the self-adjoint commutative sub-algebras L sa a of the oscillator algebra. To this goal, it is convenient to introduce the notion of a complex Hilbert space with real structure.
Let H be a complex Hilbert space. A real structure of H is determined by a real Hilbert subspace H r of H , with real valued scalar product, characterized by the condition hf; igi H D i hf; gi H r ; f; g 2 H r ; and an identification
where the sum is direct, but not orthogonal.
In the following lemma, we take H D L 2 .R/.
Lemma 4.1. Let L osc be the oscillator algebra as in Definition 3.6. Then the selfadjoint commutative sub-algebras of L osc have the form
for some non-zero real valued functionˇ.
Proof. Let
Then x. ; '; ;˛/ is self-adjoint if and only if
We want to find the spaces H and H of test functions and , respectively, such that the stochastic process O j t .x/ is gaussian with mean zero and variance jT .ˇ /j 2 t (i.e. a classical Brownian motion).
This gives We want to choose the function ' 2 L 2 .R/ \ L 1 .R/ so that the measure is a Lévy measure of some classical Lévy process. , from which it is clear that the function ' is in L 2 .R/, but does not lie in L 1 .R/. Then, as in the previous examples, we consider an approximating sequence of functions ' n 2 L 2 .R/ \ L 1 .R/ converging in L 2 .R/ to '. Such a sequence can be defined by
The above discussion suggests that it is possible to obtain a larger class of classical Lévy processes as limits of sequences associated to the class O j .3/ t . The following theorem shows that this conjecture is true and gives an explicit description of this class. Then there exists a sequence .' n / L 2 .R/ \ L 1 .R/ converging in L 2 .R/ to a function ' such that is the '-image of the Lebesgue measure .
Proof.
Step I. Suppose in this step that the measure has a positive continuous density f . We will choose the function ' to be a The solution of (4.6) is expressed by
'.x/ D F 1 .x C k/ ; x 2 .a; b/;
where F is a primitive of f and k is a real number. Since F is a strictly increasing continuous function, F 1 is well-defined on .˛;ˇ/.
